Abstract. A wandering vector multiplier is a unitary operator which maps the set of wandering vectors for a unitary system into itself. A special case of unitary system is a discrete unitary group. We prove that for many (and perhaps all) discrete unitary groups, the set of wandering vector multipliers is itself a group. We completely characterize the wandering vector multipliers for abelian and ICC unitary groups. Some characterizations of special wandering vector multipliers are obtained for other cases. In particular, there are simple characterizations for diagonal and permutation wandering vector multipliers. Similar results remain valid for irrational rotation unitary systems. We also obtain some results concerning the wandering vector multipliers for those unitary systems which are the ordered products of two unitary groups. There are applications to wavelet systems.
Introduction
The close relationship between standard wavelet theory and wandering vector theory for unitary systems has been systematically studied in [DL] . For both theoretical and practical reasons, the most interesting unitary systems are those which are ordered products of two (or more) unitary groups. The study of this kind of unitary system is necessarily based on the study of the unitary groups. Also, the case of a "group unitary system" has independent interest, and some open problems remain. In this paper we will focus on the situation where the underlying Hilbert space is separable and the unitary system is countable. We will investigate the structure of the set of wandering vector multipliers for the group case, and for the ordered product of two groups. The latter includes wavelet systems and irrational rotation unitary systems. This article represents the final product of a project of the authors that was begun in the Spring of 1996.
Let H be a separable Hilbert space. A unitary system U is a set of unitary operators acting on H which contains the identity operator I in B(H). If G 1 and G 2 are unitary groups, by the ordered product of G 1 and G 2 , we will mean the unitary system U = {g 1 g 2 : g i ∈ G i , i = 1, 2}. A wandering subspace for U is a closed linear subspace M of H with the property that U M ⊥ V M for any different U and V in U. If in addition H = span UM , we call M a complete wandering subspace for U. In the case that M = Cx for some unit vector x, we call x a (complete) wandering vector for U if M is a (complete) wandering subspace for U. The set of all complete
DEGUANG HAN AND D. LARSON wandering vectors for U is denoted by W(U). If U = {D
n T m : n, m ∈ Z} with (T f)(t) = f (t − 1) and (Df )(t) = √ 2f (2t) for all f ∈ L 2 (R), then the complete wandering vectors are precisely the standard orthogonal (or orthonormal) wavelets, and more generally the complete wandering subspaces (rather, orthonormal bases for them) correspond to the orthogonal multi-wavelets.
Suppose that x ∈ W(U). The local commutant C x (U) of U at x, which is defined [DL] to be the set {A ∈ B(H) : (AU − U A)x = 0, U ∈ U}, provides a good abstract machinery for creating new complete wandering vectors for U. Specifically, for every complete wandering vector y of U, there is a unique unitary operator V ∈ C x (U) such that y = V x and vice versa (see Proposition 1.3 in [DL] ). Another way to attempt to understand the wandering vector theory for a given unitary system U is to try to characterize all the unitary operators A in B(H) such that
AW(U) ⊆ W(U).
A unitary operator with this property was called a wandering vector multiplier for U in [DL] . We use M U to denote the set of all such operators. It is obvious that M U is always a semi-group. A natural question is : Is M U a group? This seems hard to answer in general. A "good" characterization of the wandering vector multipliers for a specific unitary system U should be one which is strong enough to answer this basic test question. We conjecture that the answer is yes if U is a group. We will show that it is true for many groups. We will also show that it is true for irrational rotation unitary systems. It remains open for the orthogonal dyadic wavelet system, and this problem is one of the main motivations for this project, although there is much that has been accomplished here.
Unitary groups with complete wandering vectors are exactly the left regular representation groups (under unitary equivalence, see the preliminaries section). A simple example is: Let H = L 2 (T), where T is the unit circle with normalized Lebesgue measure. Let U = M z be the unitary operator corresponding to multiplication by z. Then the constant function 1 is a complete wandering vector for U = {M n z : n ∈ Z}. An elementary argument shows that a function f ∈ L 2 (Z) is a complete wandering vector for U if and only if f is unimodular; i.e., |f (z)| = 1, a.e. z ∈ T. Therefore the set of all the complete wandering vectors for U can be viewed as the set of all the unitary elements in the abelian von Neumann algebra L ∞ (T) viewed as vectors in L 2 (T). (This idea can be generalized to the arbitrary discrete unitary group case.) Hence in this case the wandering vector multipliers are precisely those unitary operators on L 2 (T) which map unimodular functions to unimodular functions. Included are multiplication operators with unimodular symbols, and the composition operators with measure-preserving symbols. Even in this simple case the fact that M U is a group is perhaps not so obvious (see Example 2.10). It is true because an element of M U factors as a product of these two types (see Proposition 2.11 for the general abelian case), and the inverse of a composition operator with measure-preserving symbol is also a composition operator with measure preserving symbol. The general (non-abelian) factorization result (see Remark 2.7) replaces the measure-preserving point mapping of the underlying measure space in the abelian case with an appropriate injective Jordan homomorphism of w * (G) into itself which is isometric in the (noncommutative) Hilbert-Schmidt metric.
For the unitary group case, the local commutant for a unitary group at a fixed complete wandering vector for the group is just the commutant of the group ( [DL] , Proposition 1.1). This suggests that there is a close relationship between wandering subspace theory and the von Neumann algebras generated by the left and the right regular representations of the group. The main result of this paper is in section 2 in which we obtain characterizations of wandering vector multipliers for some of the interesting groups including abelian and free groups. The methods also apply to the irrational rotation unitary systems that were studied in [Ha] . The results we get and the techniques involved show that wandering vector multipliers are interesting objects to study from the operator algebra point of view, independent of possible applications.
Given a complete wandering vector for a unitary group, we show that the diagonal associated (resp. permutation) unitary operator (see definitions in section 3) are wandering vector multipliers if and only if they are induced by characters (resp. isomorphisms or anti-isomorphisms) of the group. The same results hold for the irrational rotation unitary systems. In particular, the last question in [Ha] which asks for a characterization of all the wandering vector multipliers for irrational rotation unitary systems is answered. The wandering vector multipliers for the wavelet system U = {D n T m : n, m ∈ Z} are called wavelet multipliers, and were first studied in [DL] . There is a special class of wavelet multipliers, namely functional wavelet multipliers, which play an essential role in understanding the phases of wavelets. These have been completely characterized (see [DGLL] , [Wut] ). This motivated us to try to characterize all the (unitary) wavelet multipliers, which is a problem posed in [DL] . While this general problem remains open, in section 5 we present several partial results on this.
Preliminaries
Two unitary systems U 1 and U 2 acting on Hilbert spaces H 1 and H 2 , respectively, are said to be unitarily equivalent if there is a unitary operator T :
. Given a group G and two unitary representations π 1 and π 2 , as usual we call π 1 and π 2 unitarily equivalent if there is a corresponding unitary operator T satisfying T π 1 (g)T * = π 2 (g) for all g ∈ G. We say a vector φ is a complete wandering vector for a unitary representation π of a group G if it is a complete wandering vector for the unitary system {π(g) : g ∈ G}.
Let G be a discrete group with identity element e. For each g ∈ G, let t g denote the characteristic function at {g}. Then {t g : g ∈ G} is an orthonormal basis for l 2 (G). Define a linear map l g (resp. r g ), for each g, by l g t h = t gh (resp. r g t h = t hg −1 ), then both l g and r g are unitary operators on l 2 (G). The unitary representation g → l g (resp. g → r g ) is called the left (resp. right) regular representation of G. Let H be a Hilbert space. For any subset S of B(H), we will use w * (S) to denote the von Neumann algebra generated by S and use S to denote the commutant of S; i.e., S = {T ∈ B(H) : T S = ST, S ∈ S}. The notations L G and R G are reserved to denote the von Neumann algebras w * (l g : g ∈ G) and w * (r g : g ∈ G), respectively. A group G is said to be an ICC group if the conjugacy class of each element other than the identity is infinite. It is a well-known fact that L G = R G for all groups G, and also that both L G and R G are II 1 factors when G is an ICC group (see [KR] ).
The following results will be used in section 2. 
we can assume that G has the form of {l g ⊗ I : g ∈ G}, where I is the identity operator on M . Since the commutant of {l g ⊗ I : g ∈ G} is {l g : g ∈ G} ⊗ B(M ), and {l g : g ∈ G} and w * (l g : g ∈ G} are finite von Neumann algebras by [KR] , the lemma follows. 
Then W is an isometry since {gx i : g ∈ G, i = 1, . . . , n} is an orthonormal basis for H and {gy i : g ∈ G, i = 1, . . . , n} is an orthonormal set. For any g, h ∈ G, we have W ghx i = ghy i = gW hx i for i = 1, 2, . . . , n. Hence W ∈ G . By Proposition 1.1, G is a finite von Neumann algebra, which implies that W is a unitary operator. So N = W M must be a complete wandering subspace. For the second part, let n = dimM ≤ ∞ and let N be a complete wandering subspace of dimension m for G. Suppose that n = m. We may assume that m < n. Then m < ∞. Take an m-dimensional subspace K of M . Then K is an m-dimensional wandering subspace, hence it is complete by the first paragraph, which contradicts the completeness of M . Thus n = m.
LetĜ be the dual group of an abelian group G, i.e., the compact group of all characters of G. Let θ : G →Ĝ be the duality correspondence between G and its second dualĜ, i.e., θ(g) = χ g for any g ∈ G, where χ g (ω) = ω(g), ω ∈Ĝ.
The following fact is well-known in spectral theory (cf. Prop. 2.2 in [BKM] ) and will be used in section 2. 
Recall that a Jordan homomorphism from one C*-algebra into another C*-algebra is a linear mapping φ which satisfies φ(a * ) = (φ(a)) * and φ(a 2 ) = φ(a) 2 for all a. The second condition is equivalent to the condition φ(ab 
is an *-antihomomorphism. Lemma 1.5 (Lemma 6 in [Ka] ). Suppose that η is a Jordan homomorphism from a C*-algebra A into a C*-algebra B. Then for any element a, b ∈ A and any positive integer n, we have
We also need the following lemma with the proof due to Kadison (see the proof of Theorem 5 in [Ka] 
for arbitrary positive integer n, where we use Lemma 1.5. Thus ||η(a)|| ≥ 1. Therefore ||η(a)|| = 1 since η is a contraction.
Wandering Vector Multipliers
In this section, we will consider wandering vector multipliers for unitary groups. Since we will assume in this section that the unitary group G has a complete wandering vector, as we have seen in the proof of Proposition 1.1, it must be unitarily equivalent to {l g : g ∈ G} on L 2 (G). So we can assume G has the form {l g : g ∈ G}. Sometimes we do not distinguish l g from g when we consider g as a unitary operator. By Corollary 1.2, every wandering vector for G must be complete. Therefore a unit vector η = g∈G λ g t g is a complete wandering vector if and only if {l h η : h ∈ G} is an orthonormal set, which, in turn, is equivalent to the condition
where t g is the characteristic function of {g}. 
It is well known (see [KR] ) that there is a conjugate linear unitary operator J on
* t e = JU * Jt e with JU * J being a unitary in R U . Therefore, again by Proposition 1.3 in [DL] , η is a complete wandering vector for {l g : g ∈ G}. Similarly, every complete wandering vector for {l g : g ∈ G} is also a complete wandering vector for {r g : g ∈ G}.
To characterize the wandering vector multipliers, it is convenient to first consider the abelian group case. As we mentioned in the introduction (also see Example 2.10), the set of all the complete wandering vectors for {M n z : n ∈ Z} is precisely the set of all unimodular functions. Similarly if G is abelian, then, by Lemma 1.3, we can assume
, with the complete wandering vector 1. By Corollary 1.2, every (unit) wandering vector is complete. It is easily seen that if |ψ(ω)| = 1 a.e., then ψ is a wandering vector.
when g is not the identity of G. Since 1 is a complete wandering vector for π(G), the set of vectors {χ g } g∈G is an orthonormal basis for L 2 (Ĝ, σ). It follows that |ψ| 2 is a constant function, hence |ψ| is a constant. Since ψ is a unit vector, this constant is 1. Hence |ψ(ω)| = 1 a.e. So a unitary operator is a wandering vector multiplier if and only if |(U f )(ω)| = 1 a.e. whenever |f (ω)| = 1 a.e. Thus the question of how to characterize all the wandering vector multipliers becomes the problem of characterizing all such operators U in a simple way. For the general (non-abelian) case, there is an analogue using some von Neumann algebra techniques.
Let G be a unitary group acting on a Hilbert space H which has a complete wandering vector ψ and let M be the von Neumann algebra generated by G. Then M and its commutant M are finite von Neumann algebras which have a joint separating and cyclic trace vector ψ. Let τ be the faithful trace defined by τ (T ) = T ψ, ψ . Then M becomes a pre-Hilbert space with the inner product
gT for all T ∈ M, and then extend it to L 2 (M, τ) by using the inequality gT 2 ≤ T 2 . It follows that π(g) is a unitary and I is a complete wandering vector for π (G) . Note that ψ is a separating vector for M. We can define 
) is a complete wandering vector for π(G) if and only if x is a unitary element in M.
Proof. Let x be a unitary element in M. Then
where I is the identity operator in G. Thus x is a wandering vector for π(G) and hence complete by Corollary 1.2. The converse follows from Lemma 2.2.
By Proposition 2.3, a wandering vector multiplier corresponds precisely to a unitary operator on L 2 (M, τ) that sends all the unitary elements in M to unitary elements in M. In the paper [Ka] concerning linear mappings from C*-algebras to C*-algebras, Kadison proved the following famous result: If φ is a linear isometry from a C*-algebra onto a C*-algebra, then φ is a Jordan isomorphism followed by left multiplication by a fixed unitary element, viz., φ(I). And a Jordan isomorphism is, in turn by Lemma 1.4, the (direct) sum of a *-homomorphism and a *-antihomomorphism. We are dealing with unitary-preserving linear mappings here and we do not assume surjectivity. We will first prove that this kind of mapping is also a Jordan homomorphism followed by left multiplication by a fixed unitary element. The techniques used in [Ka] can be applied to this situation, yielding Proposition 2.5. It will, of course, follow from this that it is a linear isometry (Corollary 2.6) , but we do not see a way of directly proving it is an isometry and then obtain this decomposition using Kadison's theorem.
The elegant proof of the next lemma is taken from [Ka] and is included for completeness.
Lemma 2.4. Let φ be a linear mapping from a C*-algebra A into a C*-algebra B such that φ ≤ 1 and φ(I
Proof. First suppose that a is a self-adjoint element of norm 1 and let φ(a) = b + ic with b and c self-adjoint. If c = 0, then there is a non-zero number β in the spectrum of c. We can assume that β > 0. Then for n large enough, we have (1 + n 2 ) 1/2 < β + n. If we note that
then we have
This is a contradiction. Hence c = 0. So φ(a) is self-adjoint. Now let a = a 1 + ia 2 be arbitrary with a 1 and a 2 self-adjoint. Then φ(a)
The proof of the next proposition is an adaptation of the elegant argument in [Ka] to the unitary-preserving situation.
Proposition 2.5. If φ is a unitary-preserving linear mapping from a C*-algebra
A into a C*-algebra B such that φ(I A ) = I B , then φ is a Jordan homomorphism.
Proof. First we prove that φ has norm one. In fact for any a ∈ A with a ≤ 1, there are four unitary elements u 1 , u 2 , u 3 , u 4 satisfying x = 1 4 (u 1 + u 2 + u 3 + u 4 ) (cf. Theorem 4.1.7 in [KR] ). Thus φ(a) ≤ 1 since φ(u 1 ), φ(u 2 ), φ(u 3 ), φ(u 4 ) are unitaries. Hence φ = 1 since φ(I A ) = I B . Therefore, by Lemma 2.4, φ preserves adjoints. Moreover φ preserves order. In fact if a is a positive element with norm one, then φ(a) is self-adjoint and
Thus φ(a) has non-negative spectrum. So it is positive. Now we verify that φ preserves the power structure. First let a be a self-adjoint element with norm less than or equal to one. Then u = a 2 + i(I − a 2 ) 1/2 is a unitary element. Hence so is φ(u) by hypothesis. Thus we have
. For an arbitrary self-adjoint element a ∈ A. Let α be non-zero real number such that αa has norm less than one. By using the binomial expressions:
and the relation
Thus it follows that φ(a 2 ) = φ(a) 2 by letting α tend to 0. For an arbitrary element a, write a = b + ic with b, c self-adjoint. Then
The proof is complete.
Corollary 2.6. If φ is a unitary-preserving linear mapping from one C*-algebra
A into another C*-algebra B such that φ is one-to-one, then φ is an isometry.
Proof. Let u = φ(I).
Then u is a unitary element. By considering η = u −1 φ, then η is a unitary-preserving mapping such that η(I A ) = I B . Thus η is a one-to-one Jordan homomorphism by Proposition 2.5. Let a ∈ A be a self-adjoint element and let C be the C*-algebra generated by a and I. Since η preserves adjoints, and the power structure, and η is a contraction as proved in Proposition 2.5, η induces a one-to-one Jordan homomorphism from C into C. We claim that η preserves norm for self-adjoint elements. In fact, let a ∈ A be a self-adjoint operator and let
Since η(|b|) is positive (see Theorem 2.5), we have that η(|b|) = η(b) because of the uniqueness of positive square roots. Thus b = |b|, which implies that a ≥ −||η(a)||I. Similarly, we have a ≤ ||η(a)||I. Therefore ||a|| ≤ ||η(a)||. We already know that η is a contraction. Hence η preserves norm for self-adjoint operators. Thus, by Lemma 1.6, we have that η is an isometry, and hence φ is an isometry.
Remark 2.7. From Proposition 2.5 we have that any wandering vector multplier for π(G) can be factorized in the form M U C J , where U is a unitary operator in w * (G), and J is a Jordan homomorphism from w * (G) into w * (G) such that J(I) = I and with the additional property that J can be extended to a unitary operator
) be a wandering vector multiplier for π(G). Then U := Φ(I) is a unitary by Proposition 2.3. Let C J = M U * Φ and let J be the restriction of C to w * (G). Then C is also a wandering vector multiplier and C J (I) = I. Thus J is a unitary-preserving linear map from w * (G) into itself, and J(I) = I. Therefore, by Proposition 2.5, J is a Jordan homomorphism which satisfies the required requirements. The converse is also true. For the converse, by 10.5.22 in [KR] , we have that J is unitary-preserving if J is a Jordan homomorphism and J(I) = I. Thus M U C J is a unitary operator on L 2 (w * (G), τ) which maps unitary elements in w * (G) to unitary elements. Hence it is a wandering vector multiplier by Proposition 2.3.
Lemma 2.8. Let φ be a Jordan homomorphism from a von Neumann algebra
Proof. Let B = w * (φ(A)). If A is abelian, then φ is a *-homomorphism and hence φ(A) is clearly a *-subalgebra. In the general case, by Proposition 1.4, there is projection E in B ∩B such that a → φ(a)E is a *-homomorphism and a → φ(a)E ⊥ is a *-anti-homomorphism. Hence if B is a factor, then φ is either a homomorphism or an anti-homomorphism. In either case, we have that φ(A) is a *-subalgebra.
Let M be a von Neumann algebra on a Hilbert space H. A closed operator A on H is said to be affiliated with [BR] or [KR] G) . In order to prove that M π(G) is a group, it suffices to show that Φ −1 is also a wandering vector multiplier. We will complete the proof by several steps. Since Φ is unitary-preserving, Φ(I) is a unitary in M. Replacing Φ by Φ(I) −1 Φ, we can assume that Φ(I) = I. By Proposition 2.3, Proposition 2.5 and Corollary 2.6, we know that Φ is an isometry as well as a Jordan homomorphism from M into M.
(1) Let N be the von Neumann algebra generated by Φ(M). We claim that N = M. In fact, by Proposition 2.3, Φ sends unitary operators in M to unitary operators in M. Thus N ⊆ M since every element of M is a linear combination of four unitaries in M. Since Φ is a unitary operator on
. This implies that Φ(M)ψ is dense in H. Thus ψ is a cyclic and separating trace vector for N . (It is separating for N because N ⊂ M and it is separating for M.) Hence we have S 0 and F 0 related to N and ψ. Let A ∈ M. By Proposition 2.5.9 in [BR] , for Aψ ∈ D(S 0 ) = H, there exists a closed operator Q such that Qψ = Aψ and Q is affiliated with N . Thus for any B ∈ M ⊆ N , we have that
Since ψ is cyclic for M and Q is closed, we obtain that Q is a bounded operator and A = Q. Since Q is a bounded operator affiliated with N , we have that Q ∈ N ⊆ M. Thus Q = A since ψ is a separating vector for M. Hence A ∈ N , and so we have N = M, as required.
(2) We secondly claim that Φ(M) = M. Let A ∈ M with norm one. By Lemma 2.8 and (1), Φ(M) is a *-subalgebra of M for the abelian and ICC group case and equal to M for the finite group case. Thus, by (1) in either case, we have that M is the strong closure of the *-subalgebra Φ(M). Using Kaplansky's density theorem, there is a net {A λ } in M such that Φ(A λ ) is in the unit ball of Φ(M) and Φ(A λ ) converges to A in the strong operator topology. Thus {A λ } is contained in the unit ball of M because Φ is an isometry for the norm topology of M.
, which implies that {A λ ψ} converges. We know that ψ is cyclic for M . Thus {A λ } is a Cauchy net in the topology of pointwise convergence on the dense subset M ψ since {A λ } is a bounded net in norm. Therefore {A λ } is a Cauchy net in the strong operator topology and thus converges to some operator (3) By (2) and Corollary 2.6, Φ is a surjective isometry on M. So the inverse of Φ is an isometry. A surjective isometry between unital C*-algebras preserves unitary elements [Ka] . Therefore, by Proposition 2.3, Φ −1 is a wandering vector multiplier. The proof is complete. 
Thus every element in the group generated by all the M f and all the A σ is a wandering vector multiplier. We claim that every wandering vector multiplier for U can be factored as the product of A σ and M f for some measure-preserving bijection mapping σ and some unimodular function f .
In fact, suppose that T ∈ M U . Identify w * (U) with L ∞ (T). Then, by the proof of Theorem 2.9, T = V Φ, for some unitary operator V in w * (U) (hence some unimodular function in L ∞ (T)) and some Φ :
. Then Φ induces a homomorphism of the Borel algebra (B, T), where B is the set of all Borel sets of T. Therefore there is a measurable one-to-one (modulo a null set) (see Theorem 4.7 on page 17 in [Pe] ) mapping σ from T onto T such that Φ(f )(t) = f (σ(t)), a.e. on T. However the condition Φ(g) 2 = g 2 for all g ∈ L ∞ (T) implies that σ is measure-preserving. Hence we get the equality. This example can be extended to the arbitrary abelian group case in the following way.
Proposition 2.11. Let G be an abelian unitary group which has a complete wandering vector and letĜ, σ and π be as in Lemma 1.3. Then an operator T on L 2 (Ĝ, σ) is a wandering vector multiplier for π(G) if and only if T (f )(ω) =
for some unimodular function h and some measurepreserving mapping Φ fromĜ ontoĜ.
Proof. Since L ∞ (Ĝ, σ), the von Neumann algebra generated by π(G), is maximal abelian, it follows that it is unitarily equivalent to L ∞ (X, µ) on a Hilbert space L 2 (X, µ) for some compact set X in the complex plane and some finite Borel measure µ (cf. Corollary 7.14 in [RR] ). Thus, by Theorem 4.6 in [Pe, p.17] , (B,Ĝ, σ) is Lebesgue in the sense of Definition 4.5 in [Pe, p.16] , where B denotes the measure algebra.
Now let T ∈ M π(G)
. Then, by the proof of Theorem 2.9, there is a unitary element h in w * (π(G)) (=L ∞ (Ĝ, σ)) and an *-isomorphism α on w
for all f ∈ L 2 (Ĝ, σ). The *-isomorphism α induces an isomorphism from the measure algebra (B,Ĝ, σ) onto itself. Since (B,Ĝ, σ) is a Lebesgue space, by Theorem 4.7 in [Pe, p.17] , there is a measurable one-to-one point mapping (modulo a measure zero set) Φ such that α(f )(ω) = f (Φ(ω)). By taking f to be a characteristic function on a set E ∈ B, we have
Thus Φ is a measure-preserving mapping and the proof is complete.
Let I be the group of all surjective isometries on w * (G). We have
Theorem 2.12. Let G be an ICC unitary group acting on a Hilbert space H which has a complete wandering vector. Then M G is group isomorphic to I
Proof. Let M = w * (G). By the proof of Theorem 2.9, we only need to show that every Jordan isomorphism of M induces a wandering vector multiplier.
Suppose that φ is a Jordan isomorphism on M. Then it must be either a *-automorphism or a *-anti-isomorphism since M is a factor. Assume that it is an automorphism. Then, by 9.6.27 in [KR] , there is a unitary operator U acting on H such that φ(A) = U AU * for each A ∈ M. We claim that φ(T ) 2 = T 2 for all T ∈ M, where T 2 2 = T ψ, T ψ for the given complete wandering vector ψ.
Then τ U is a normalized faithful normal trace of M. By the corollary of Theorem 3 in [Di, p.103] , we have that τ U = τ . Thus φ(T ) 2 = T 2 for all T ∈ M. This implies that φ induces a unitary operator on H. Hence it induces a wandering vector multiplier since it preserves the unitary elements of M.
If φ is a *-anti-isomorphism, the proof is similar. 
Proof. Let ψ ∈ W(G) be arbitrary. We have known that τ ψ (T ) = T ψ, ψ defines a faithful normalized trace on both w * (G) and G . Suppose that A ∈ N G . Define τ Aψ (T ) = A * T Aψ, ψ . By using the fact that A * w * (G)A = w * (G), it follows that τ Aψ is also a faithful normalized trace for w * (G). Since w * (G) is a factor, we have that τ ψ = τ Aψ (cf. [Di] ), which implies that Aψ is a wandering vector for G and hence complete by Corollary 1.2. Thus A ∈ M G .
If A ∈ N C G . Define τ Aψ as above. Using the fact that ψ is also a faithful trace vector for G and that A * T A ∈ G for all T ∈ w * (G), it follows that τ Aψ is a faithful normalized trace for w * (G). Thus τ Aψ = τ , which implies that Aψ ∈ W(G).
From Theorem 2.9, M G is a group. Thus the group generated by N G and N C G is contained in M G .
Conversely, let A ∈ M G . Fix a complete wandering vector ψ. Then Aψ ∈ W(G). Thus there is a unitary operator U ∈ w * (G) such that Aψ = U ψ. Note that U is a normalizer for w * (G). Replacing A by U −1 A, we can assume that Aψ = ψ. By the proof of Theorem 2.9, there is a Jordan isomorphism Φ on w * (G) such that AT ψ = Φ(T )ψ for all T ∈ w * (G). Since w * (G) is a factor, it follows that Φ is either a *-isomorphism or a *-anti-isomorphism.
If Φ is a *-isomorphism, then for all S, T ∈ w * (G) we have
Thus AT = Φ(T )A for all T ∈ w * (G) since ψ is cyclic for w * (G). Therefore AT A * = Φ(T ) ∈ w * (G). Since A * ψ = ψ and A * ∈ M G , by the same argument we also have A * T A ∈ w * (G). Therefore A is a normalizer for w * (G). If Φ is an *-anti-isomorphism, we need to show that
Since ψ is a trace vector for w * (G), it follows that
The proof of Theorem 2.14 also shows that if G is abelian, then M G ⊆ N G . The following example tells us that the equality is not necessarily true. 
and define an invertible operator B by
Then A = M h B is a unitary which is a normalizer of w 1]) ). In fact, that the operator A is unitary follows from ) is a factor. When G is abelian, it is easy to prove that this is also true by using Proposition 2.11. We conjecture that this is true in general.
(ii) A non-unitary operator can also map complete wandering vectors to complete wandering vectors. For instance if σ is a measurable bijection on T which is not measure-preserving, then the corresponding composition operator is not a unitary, but it maps unimodular functions to unimodular functions, hence complete wandering vectors to complete wandering vectors. We call an invertible operator an invertible wandering vector multiplier if it maps complete wandering vectors to complete wandering vectors. Similar to the unitary wandering vector multiplier case, we also have the following characterization for invertible wandering vector multipliers. From Proposition 2.5, every invertible wandering vector multiplier for π(G) can be factorized in the form M U C J , where U is a unitary operator in w * (G) and J is Jordan homomorphism from w * (G) into w * (G) such that J(I) = I and J can be extended to a invertible operator C J on L 2 (w * (G), τ). The converse is also true. See also the another direction commentary at the end of section 5.
Diagonal and Permutation Wandering Vector Multipliers
In this section we will study a special class of wandering vector multipliers which are either diagonal or permutation unitary operators induced by any fixed wandering vector for a unitary group G. It turns out that this class of multipliers can be completely characterized by either the dual group of G or the automorphism (resp. anti-automorphism) group of G.
For a function f : G → T (resp. a bijection σ of G), we can define a unitary
We will call f (resp. σ) a wandering vector multiplier function (resp. wandering vector multiplier mapping) on G if B f (resp. A σ ) is a wandering vector multiplier for G. Using Proposition 2.5, we have the following characterization of wandering vector multiplier functions and mappings.
Theorem 3.1. (i) f is a wandering vector multiplier function if and only if there exists a modulus one complex number λ and a character
(
ii) σ is a wandering vector multiplier mapping of G if and only if there exists an element h ∈ G and an automorphism or anti-automorphism
Proof. (i) For necessity, by considering f (e) −1 f , we can assume that f (e) = 1. Suppose that B f ∈ M G . By Proposition 2.5, B f is a Jordan homomorphism on w * (G). Thus, for any g, h ∈ G, we have that
Note that t gh , t hg = 0 and t gh , t gh = 1. We get
For sufficiency, let η = g∈G λ g t g be a complete wandering vector for {l g : g ∈ G}. Then, for any h ∈ G, we have
Thus B ω η is a wandering vector which also complete by Lemma 1.2. Hence B ω is a wandering vector multiplier.
(ii) For necessity we can also assume that σ(e) = e. If A σ is a wandering vector multiplier, then
This equality, together with t a , t b = δ a,b for all a, b ∈ G, implies that either  σ(gh) = σ(g)σ(h) or σ(gh) = σ(h)σ(g) . Thus, by a result due to L. K. Hua (see Lemma 1 in [JR] ), we know that σ is either an automorphism or an antiautomorphism.
Conversely, we assume that σ is an automorphism. Let η = g∈G λ g t g be a complete wandering vector. Then A σ η = g∈G λ g t σ(g) . Thus, for each h ∈ G, we have
Thus {l h A σ η} is an orthonormal set, which implies that A σ η is a complete wandering vector by Lemma 1.2. If σ is an anti-automorphsim, we use Lemma 2.1, and the proof is similar.
Let U be a unitary system which has a complete wandering vector. If U has the the property that U = UU 0 with U 0 being a subset of U which is a group, it is known that the product of a unitary in U and a unitary in w * (U 0 ) is a wandering vector multiplier (see [DL] ), where w * (U 0 ) is the von Neumann algebra generated by U 0 . Dai and Larson asked in [DL] whether the converse is true. This was called the factorization problem. There are some counterexamples for the non-group case (see [LMT] , [Ha] ). The following proposition provides some counterexamples for the group case (i.e. the case where U itself is a group).
The following proposition tells us that many A σ , B f 's do not have the factorization property.
ii) If σ is either (a) an antimorphism and {σ(h −1 )h : h ∈ G} is an infinite set, or (b) a non-identity automorphism and {σ(h
−1 )gh : h ∈ G} is an infinite set for all but finite number of g ∈ G , then A σ does not belong to U w * (U),
Proof. (i) Suppose that A σ has the factorization property. Then it must belong to L G (= L G ) since L G is an abelian von Neumann algebra with a cyclic vector which implies that it is a maximal von Neumann algebra. Hence
Apply t e to the above equality, we get
Hence σ(g) = g for all g ∈ G, which implies that σ = id. Similarly, suppose B f has the factorization property. Then
for all g ∈ G, which implies that (by applying t e to the equality) f (g)t g = f (e)t g . Hence f (g) = f (e) = 1.
(ii) Assume (a) holds. If A σ has the factorization property, then there is a
Thus we get
g ∈ G} is an infinite set, we have λ k = 0 because h∈G |l h | 2 < ∞, which implies that U t e = 0, a contradiction. Hence A σ does not have the factorization property.
The proof is similar for the case (b).
Irrational Rotation Unitary Systems
In [Ha] , the first named author of this paper studied wandering vectors of irrational rotation unitary systems U θ . These are not unitary groups. Some results concerning wandering subspaces and wandering vector multipliers for irrational rotation unitary systems were obtained in [Ha] . In this section, we point out that most of the results in section 2 remain true for irrational rotation unitary systems. In particular we answer the last question raised in [Ha] .
Let θ be an irrational number in (0, 1). Recall that ( [Ha] ) an irrational rotation unitary system U is a system of the form {U n V m : n, m ∈ Z} with U V = e 2πiθ V U. If ψ is a complete wandering vector for U, then, by Theorem 1 and Theorem 12 in [Ha] , we know that C ψ (U) = U , ψ is a faithful trace vector for w * (G) and U , and w * (U) is a finite factor. These properties imply that Lemma 2.1, 2.2, 2.3, Theorem 2.9, Theorem 2.12 and Theorem 2.14 remain true for irrational rotation unitary systems U. We leave the routine checking of this to the reader. Thus the following answers the last problem posted in [Ha] , which asks for a complete characterization of wandering vector multipliers for irrational rotation unitary systems. Similar to the group case, we also have a complete characterization for the diagonal wandering vector multipliers with respect to a fixed complete wandering vector. Let f : Z ⊗ Z → T be a function and let B f be a unitary defined by 
Proof. Sufficiency is contained in Theorem 10 in [Ha] . So we only need to prove the necessity. Suppose that B f ∈ M G . Clearly we can assume that f (0, 0) = 1. By Proposition 2.3 and Proposition 2.5 for the irrational rotation unitary system case, B f induces a Jordan homomorphism on w * (U). Thus it must be an automorphism or anti-automorphism since w * (U) is a factor. This implies that ω(n) := f (n, 0) and
Thus the proof is complete.
Let α and τ be two bijections on Z. Fix a complete wandering vector ψ ∈ W(U). Define a unitary operator A α,τ by
for all n, m ∈ Z. We have for all T ∈ w * (U). Since w * (U) is a factor, it follows from Lemma 2.8 that Φ is either a *-homomorphism or a *-antihomomorphism.
If Φ is a *-homomorphism, then
Hence α is an automorphism of Z. If Φ is an *-antihomomorphism, the same argument works. Similarly, τ is an automorphism of Z.
The converse is trivial since there are only two automorphisms of Z, the identity and the inverse automorphism: n → −n.
Wavelet Multipliers
For a general unitary system it is not clear how to characterize the set of all the wandering vector multipliers. In this section we investigate some special wandering vector multipliers for the unitary systems which are the ordered product of two unitary groups. This is an interesting class which contains the wavelet systems in L 2 (R n ). When we consider wavelet systems, for simplicity in this paper we will only consider the one-dimensional dyadic wavelet system.
The
where ds means integration with respect to Lebesgue measure. This transformation can be uniquely extended to an unitary operator F on L 2 (R). We writeD =:
where M e −is is the multiplication unitary operator with symbol e −is . The unitary system {D mT n : n, m ∈ Z} is denoted by UD ,T . As in [DL] , the wandering vector multipliers for U D,T will be called wavelet multipliers.
For a unitary system U = U 0 U 1 which is the ordered product of two unitary groups U 0 and U 1 , we always assume in this section that U 0 ∩ U 1 = {I} and that W(U) is non-empty. Proof. Note that A * also satisfies the above condition. Thus for any U 0 ∈ U 0 , we have
Hence Aψ is cyclic for U if ψ is.
Proposition 5.2. Let U be as in Lemma 5.1. Suppose that A ∈ B(H) is a unitary operator satisfying (i)
Proof. By Lemma 5.1, it suffices to check the orthonormality of {U 0 U 1 Aψ :
If f is a unimodular function, then it was proved in [DGLL] and [Wut] , by using the fundamental equation characterizations of wavelets, that M f is a wavelet multiplier if and only if f (2s)/f (s) is 2π-periodic (a.e. s ∈ R). Proposition 5.2 does not imply this since the 2π-periodic property of f (2s)/f (s) can only guarantee that Proof. Let ψ ∈ W(U) be arbitrary. By Lemma 5.1 and the proof of Proposition 5.2, it suffices to prove the orthonormality of the set {U Aψ :
, the closed subspace generated by U 1 ψ. Then H ψ is an invariant subspace of U 1 . Let G be the restriction unitary group of U 1 to H ψ . From the orthonormality of {U 1 ψ : U 1 ∈ U 1 }, we have that G is also an ICC group which is group isomorphic to U 1 . Also observe that ψ is a complete wandering vector for G. Thus M, the von Neumann algebra generated by G, is a factor.
Define a linear mapping Ψ : M → M by
Note that A * mA ∈ w * (U 1 ). Then Φ is a *-isomorphism. Since ψ is both cyclic and separating for M, it follows from Theorem 7.2.9 in [KR] that there is a unitary operator B ∈ B(H ψ ) such that Φ(m) = B * mB. Thus B is a normalizer of M. By Theorem 2.14, B is a wandering vector multiplier for G. So Bψ ∈ W(G). Therefore for any U ∈ U 1 such that U = I, we obtain
as required.
If we consider the special case that U 0 is the trivial group (i.e., U 0 = {I}), then Example 2.15 tells us that Theorem 5.3 is not valid in general even when G 1 is abelian. However in the rest of this section we will show that Theorem 5.3 is true for wavelet systems UD ,T . Then φ is measure preserving.
Proof. Let µ denote Lebesgue measure on R. We first claim that µ(φ(0, 2π]) = 2π. For every n ∈ Z, let
Then {F n : n ∈ Z} forms a partition of (0, 2π]. In fact, if s ∈ F n ∩ F m and n = m, then φ(s) ∈ ((0, 2π]+2nπ)∩((0, 2π]+2mπ), which is impossible. Thus {F n : n ∈ Z} is a disjoint family. Also for any s ∈ (0, 2π], since k∈Z ((0, 2π] + 2kπ) = R, there exists n such that φ(s) − 2nπ ∈ (0, 2π]. Hence s ∈ F n .
We check that {φ(F n ) − 2nπ : n ∈ Z} also forms a partition of (0, 2π] . Suppose that φ(s) − 2nπ = φ(t) − 2mπ for some n = m and for some s ∈ F n and t ∈ F m . Then
So, by the assumption (ii), there is l ∈ Z such that s − t = 2lπ. This implies l = 0 since s, t ∈ (0, 2π], which is a contradiction. Thus {φ(F n ) + 2nπ : n ∈ Z} is a disjoint family. To show that the union is (0, 2π], let t ∈ (0, 2π]. Then there is r such that φ(r) = t. Write r = s + 2mπ with s ∈ (0, 2π]. Then by (ii) we have t = φ(r) = φ(s + 2mπ) = φ(s) − 2lπ
for some l ∈ Z. Hence s ∈ F l and so t ∈ φ(F l ) − 2lπ, as required. Now we have
Next we claim that µ(φ(E + kπ)) = µ(φ(E)) for any measurable set E and any k ∈ Z.
For any s ∈ E, conditions (i) and (ii) imply that there is l ∈ Z such that 2φ(s + kπ) = φ(2s + 2kπ) = φ(2s) + 2lπ = 2φ(s) + 2lπ.
Hence φ(s + kπ) = φ(s) + lπ. Let E l = {s ∈ E : φ(s + kπ) = φ(s) + lπ}. Then {E l } is a partition of E. Thus
Finally, we claim that φ is measure preserving. For any k ∈ Z, by the above two claims, we have We say that two measurable sets E and F of R are translation congruent modulo 2π if there exists a measurable bijection σ : E → F such that σ(s) − s is an integral multiple of 2π for each s ∈ E.
Lemma 5.5. Suppose that φ is as in Lemma 5.4. Then φ((0, 2π] ) is 2π-translation congruent to (0, 2π] .
Proof. Let t ∈ (0, 2π] and let φ(r) = t. Write r = s + 2mπ for some (unique) s ∈ (0, 2π] and some (unique) m ∈ Z. Since e iφ(s) is 2π-periodic, there is k ∈ Z such that t = φ(s + 2mπ) = φ(s) + 2kπ. So t − φ(s) ∈ 2Zπ. Since φ is measurepreserving, we get that φ ((0, 2π] ) is 2π-translation congruent to (0, 2π]. 
Thus A normalizes M. Define an isomorphism Φ on M by
Then, by Theorem 4.7 in [Pe, p. 16] for all g ∈ L 2 (R). Equivalently,
for all g ∈ L 2 (R). Let E be an arbitrary set of finite measure and let
extend known results for unitary wandering vector multipliers to wandering vector multipliers which are not necessarily unitary whenever possible. For instance, in Example 2.10, let σ be a measurable bijection of T which is not measure-preserving but is such that the composition operator A σ is bounded and invertible. Then A σ maps unimodular functions to unimodular functions on T, so is a wandering vector multiplier which is essentially different from the type we have considered in this article. In the general group unitary system case the same type of non-unitary wandering vector multiplier can arise from a Jordan isomorphism of w * (G) which is not isometric in the Hilbert-Schmidt metric on w * (G) but is bounded above and below so extends to a (non-unitary) bounded invertible operator on L 2 (w * (G), τ). In fact, as pointed out in Remark 2.17 (ii), there is a general factorization result for this case. In [Wut] it was not taken as a matter of definition that wavelet multiplier functions were unimodular, but rather, it was proven that a wavelet multiplier function must be unimodular. This is in the same spirit. (Guido Weiss was the member of the WUTAM CONSORTIUM who suggested that the unimodularity should be proven and not simply assumed.) The following interesting open question remains:
Question. Is an (operator) wavelet multiplier which is a bounded linear operator necessarily a unitary operator?
